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We argue that the choice of an appropriate, massive, renormalization scheme can greatly improve the 
apparent convergence of perturbation theory at ﬁnite temperature. This is illustrated by the calculation 
of the pressure of a scalar ﬁeld theory with quartic interactions, at 2-loop order. The result, almost 
identical to that obtained with more sophisticated resummation techniques, shows a remarkable stability 
as the coupling constant grows, in sharp contrast with standard perturbation theory.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
Over the last two decades considerable efforts have been made 
to understand the behavior of perturbation theory in quantum 
ﬁeld theory at ﬁnite temperature (for reviews, see [1–3]). These 
efforts are in part motivated by the physics of the quark–gluon 
plasma, and the hope that QCD asymptotic freedom would allow 
for reliable calculations at suﬃciently high temperature. It is well 
known, however, that in QCD infrared divergences inevitably occur 
and eventually cause a breakdown of perturbation theory at a ﬁ-
nite order in the expansion in powers of the coupling constant [4]. 
But even in theories where such a breakdown does not occur, such 
as in scalar theories, perturbation theory at ﬁnite temperature ap-
pears as poorly convergent as in QCD.
Two routes have been followed to try to overcome these dif-
ﬁculties. The ﬁrst one is to include more and more terms into 
the perturbative series, hoping in doing so to compensate for the 
poor apparent convergence. Thus, the pressure of the massless 
scalar theory with a quartic interaction is now known up to or-
der g8 log(1/g) (see Ref. [5] and references therein). While deﬁnite 
improvements are observed at small coupling when high orders 
are taken into account, the bad behavior of the perturbative series 
resurfaces as soon as the coupling gets moderately large.
The other route involves various reorganizations of the pertur-
bative expansion, such as screened perturbation theory [6], inﬁnite 
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SCOAP3.resummations, the use of functional variational techniques such 
as the so-called 2PI (two particle irreducible) formalism [7], or 
the non-perturbative renormalization group (NPRG) [8]. Remark-
ably, all these approaches produce results that remain stable as 
one increases the coupling constant, in sharp contrast with strict 
perturbation theory. At the same time, some of these calcula-
tions suggest that the physics at moderate coupling is minimally 
non-perturbative. In particular, calculations using the functional 
renormalization group within the most sophisticated approxima-
tion scheme available [8,9] yield results that do not deviate much 
from simple self-consistent quasiparticle approximations (such as 
the lowest order 2PI approximation, or the local potential approxi-
mation of the NPRG [10]).
These latter results suggest to look for an underlying simplicity, 
and it is indeed the purpose of this paper to report on progress in 
this direction. We shall argue that the diﬃculties encountered in 
ﬁnite temperature calculations can be attributed to a large extent 
to inappropriate choices of renormalization schemes. The success 
of the NPRG invites us to look for a scheme where the thermal 
mass plays a central role, and also where a decoupling of modes 
occurs when the typical scales exceed the temperature, both fea-
tures that are automatically included in the NPRG. We shall exhibit 
such a massive renormalization scheme and show that it yields 
indeed a well behaved perturbative expansion. This will be illus-
trated in this letter with the calculation of the pressure of a scalar 
ﬁeld theory. More elaborate calculations will be presented in forth-
coming publications. under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Let us start by recalling the origin of the diﬃculties with stan-
dard perturbation theory at ﬁnite temperature, focusing on a scalar 
theory of massive modes with quartic interactions ∼g2ϕ4 (see 
Eq. (4) below). The expansion parameter, which is not simply g2, 
depends on the magnitude of the average ﬂuctuations of the ﬁeld, 
given by (we ignore here the vacuum ﬂuctuations)
〈
ϕ2
〉
κ
≈
κ∫
d3p
(2π)3
np
Ep
≈ Tκ, np = 1
eEp/T − 1 , (1)
where Ep =
√
m2 + p2, with m the mass, κ is an ultraviolet mo-
mentum cutoff and the approximation for 〈ϕ2〉κ is valid for κ  T . 
Using this, we can deﬁne a dimensionless expansion parameter, 
γκ , as the ratio between the interaction energy (∼g2〈ϕ2〉2κ ), and 
the kinetic energy (∼κ2〈ϕ2〉κ ) of modes with typical momentum 
κ ,
γκ ∼ g
2〈ϕ2〉κ
κ2
∼ g
2T
κ
. (2)
Thus for κ ∼ T , the expansion parameter is essentially the coupling 
constant γT ∼ g2. However, γκ grows as κ decreases. Eventually 
γκ becomes of order unity when κ ∼ g2T , at which point standard 
perturbation theory breaks down.
However, at least in the case of scalar theories, this scenario is 
too pessimistic, and this for two reasons. Observe ﬁrst that when 
m  κ  T the theory behaves as a massless three-dimensional 
theory with (dimensionful) coupling g2T . The associated dimen-
sionless coupling can be identiﬁed to γκ , and it obeys the one-loop 
renormalization group equation (see Eq. (23) below)
κ
dγκ
dκ
= −γκ + 3
16
γ 2κ . (3)
The ﬁrst term in this equation results from the analysis that we 
just presented, the second term is the one loop correction. This 
correction tames the growth of the coupling suggested by the ﬁrst 
term, and indeed the infrared ﬁxed-point at γ∗ = 16/3 prevents 
the blow-up of γκ . The success of the expansion in  = 4 − d in-
dicates that perturbation theory in the vicinity of this ﬁxed point 
is reasonably accurate [11]. The second reason which prevents the 
breakdown of perturbation theory is of course the generation of 
a thermal mass m of order gT which freezes the running of the 
coupling at the scale κ ∼m.1
These considerations concerning the mechanisms that prevent 
the growth of the coupling, make paradoxical the fact that stan-
dard perturbation theory behaves so badly at ﬁnite temperature. 
In fact, as we have already alluded to, the reason may not be 
perturbation theory itself, but rather the particular scheme used. 
Most studies are done in non-decoupling schemes, such as the 
MS scheme, which is popular because of its technical simplicity. 
But the discussion above suggests the use of a scheme where the 
matching between the four-dimensional and the three-dimensional 
regimes when κ  T , as well as the suppression of ﬂuctuations 
when κ m, are manifest order by order in perturbation theory. 
We shall now present such a scheme.
We consider the theory of a scalar ﬁeld ϕ with the action
S[ϕ] =
β∫
0
dτ
∫
ddx
{
1
2
∂μϕ∂μϕ + mB
2
2
ϕ2 + g
2
B
4! ϕ
4
}
, (4)
1 In QCD, the long wavelength “magnetic” ﬂuctuations have a mass of order g2T , 
which is not large enough to prevent the breakdown of perturbation theory.where mB and gB denote the bare mass and coupling constant, 
respectively. The upper bound of the integration over the imagi-
nary time τ is β = 1/T , where T is the temperature. In line with 
the previous discussion, we introduce a speciﬁc renormalization 
scheme with the following, temperature dependent, renormaliza-
tion conditions:
m2 = Γ (2)(p= 0,ω = 0, T ),
1= dΓ
(2)
dp2
(
p2 = μ2,ω = 0, T ),
g2 = Γ (4)(p2sym = μ2,ωi = 0, T ), (5)
where Γ (2) and Γ (4) are renormalized n-point functions, and p2sym
refers to a symmetric combination of 3-momenta. There is of 
course a large ﬂexibility in the choice of renormalization condi-
tions. The scheme presented above satisﬁes the important require-
ment that the renormalized coupling constant g2 becomes inde-
pendent of the temperature when μ  T , so that we can isolate 
unambiguously thermal effects when comparing theories with dif-
ferent values of the coupling constant. The determination of the 
mass is more subtle. We want to use the thermal mass m that 
enters the ﬁrst renormalization condition (5) within the free prop-
agators of the perturbative expansion. However, the renormaliza-
tion condition does not determine m, it just ﬁxes the ﬁnite parts 
of counterterms so that m has a prescribed value. In order to re-
late this value to a mass that is known, we shall calculate m0, 
the mass at T = 0, at the order of perturbation theory at which 
we work. This will then provide a self-consistent equation (occa-
sionally referred to as a gap equation) for the determination of m
as a function of m0. One may be worried about the fact that the 
present scheme involves counterterms whose ﬁnite parts depend 
on the temperature. However, no temperature dependent inﬁnities 
will remain if subdivergences are carefully eliminated.2
3. The 2-point function and the self-consistent thermal mass
The one-loop contribution to the 2-point function is easily cal-
culated:
Γ (2)(p,ω, T ) =m2 + δm2 + p2
+ g
2T
2
∑
n
∫
ddq
(2π)d
1
ω2n + q2 +m2
, (6)
where ωn = 2nπ T is a Matsubara frequency, and we used the fact 
that the self-energy is independent of p2 in order to ignore the 
ﬁeld renormalization factor. We have set m2B = m2 + δm2, where 
m is the renormalized mass. Note that the renormalization of the 
coupling constant at one-loop order has an impact on the 2-point 
function only when this is calculated at 2-loop order (see next sec-
tion). Accordingly, in Eq. (6), g is taken to be the renormalized 
coupling constant. It is convenient to set
I(m) ≡ T
∑
n
∫
q
1
ω2n + q2 +m2
=
∫
q
1+ 2nq
2Eq
≡ I0(m) + IT (m),
(7)
where we have introduced the shorthand notation for momentum 
space integrations, to be used throughout this paper: 
∫
q =
∫ ddq
(2π)d
. 
2 The explicit calculations of the thermal mass and of the pressure that are pre-
sented in this paper, illustrate how the divergences are eliminated. The calculation 
of the zero temperature pressure in particular shows that, once the mass subdi-
vergences are eliminated, the remaining divergence is a global divergence which is 
independent of the temperature, as it should (see Eq. (32)).
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d = 3 dimensions. In the formula above, nq is the Bose statistical 
factor (see Eq. (1)), and Eq =
√
q2 +m2.
Specifying p = 0 in Eq. (6), one gets:
Γ (2)(p= 0,ω = 0, T ) =m2 + δm2 + g
2
2
I(m). (8)
By imposing the ﬁrst of the renormalization conditions (5), namely 
m2 = Γ (2)(p = 0, ω = 0, T ), one deduces the value of the countert-
erm
δm2 = − g
2
2
I(m). (9)
At this point, the mass m that enters the renormalization condition 
is in general unknown. However, it can be related to the renormal-
ized mass at zero temperature, which we assume to be a known 
quantity. To that aim, we repeat, at T = 0, the leading order per-
turbation theory calculation that yields Eq. (8). We get
Γ (2)(p= 0,ω = 0, T = 0) =m2 + δm2 + g
2
2
I0(m)
=m2 − g
2
2
IT (m), (10)
where, in the last step, we have used the expression (9) of the 
mass counterterm. By identifying the left-hand-side of Eq. (10) to 
m20, with m0 the T = 0 renormalized mass, one gets the looked for 
relation between m0 and m
m2 =m20 +
g2
2
IT (m). (11)
Eq. (10), which expresses a zero temperature quantity in terms of 
ﬁnite temperature ones, is not usual. But in fact, Eq. (11) tells us 
that the thermal mass m is adjusted so that m2 − g22 IT (m2) is in-
dependent of the temperature.
Eq. (11) is a self-consistent equation for m2. This self-consistent 
determination of the thermal mass has already been recognized 
in other approaches as an important factor that stabilizes the 
weak coupling expansion, and it constitutes an essential aspect 
of the present renormalization scheme. At this point it is instruc-
tive to contrast the result obtained from solving the self-consistent 
Eq. (11) with that given by standard perturbation theory. Recall 
that standard perturbative approaches use the zero temperature 
quantities as their starting point, and consider ﬁnite temperature 
effects as corrections. In the present context, this is equivalent to 
solve Eq. (11) by expanding with respect to the T = 0 parame-
ters, i.e., treating m − m0 as a perturbation. To perform this ex-
pansion, we assume a small coupling constant g , and a vanishing 
zero temperature mass, m0 = 0. The leading order contribution is 
then obtained by neglecting the mass in the calculation of IT . Us-
ing IT (m = 0) = T 2/12 in Eq. (11), one gets m2 = g2T 2/24 ≡ mˆ2, 
where mˆ is the standard Hard Thermal Loop (HTL) result (see e.g. 
Ref. [1]). One can go beyond this leading order by treating the 
mass as a small correction in the calculation of IT , that is we de-
ﬁne
m2 = mˆ2 + m2, m2 = g
2
2
(
IT (mˆ) − IT (0)
)
. (12)
The calculation of m2 is complicated by the fact that a naive 
expansion in powers of mˆ generates infrared divergences. This is 
because the integral that yields m2 is no longer dominated by 
momenta of order T , but rather by momenta of order mˆ ∼ gT  T . 
To obtain the limit mˆ  T we ﬁrst perform the change of variables 
q = mˆy, and only then expand in powers of mˆ. One then gets:m2 = g
2 mˆ2
4π2
∞∫
0
dy y2
(
1√
y2 + 1(eβmˆ
√
y2+1 − 1)
− 1
y(eβmˆy − 1)
)
≈ − g
2 T mˆ
4π2
∞∫
0
dy
1
y2 + 1 = −
g3T 2
16π
√
6
, (13)
which is the known result, usually derived from HTL resumma-
tions. We note that the g3 correction is negative, implying that 
m2 eventually becomes negative as the coupling grows, signal-
ing a breakdown of perturbation theory for g2/24 ∼ 1 (see Fig. 2
below). By contrast, the solution of the gap equation remains per-
fectly regular as the coupling increases.
4. The 4-point function and the β function
We turn now to the calculation of the 4-point function at or-
der one-loop. Since the running of the coupling does not play an 
essential role in the leading order calculation of either the mass 
(previous section) or the pressure (next section), our goal here 
is merely to illustrate generic features of the β-function in the 
present massive scheme, in particular the role of the mass in cut-
ting off the ﬂow, as well as the decoupling property mentioned in 
Section 2, i.e., the transition form 4-dimensional to 3-dimensional 
running when the scale passes below 2π T .
In order to implement the renormalization condition (the last 
condition (5)) we need the 4-point function for vanishing external 
frequencies and a symmetric conﬁguration of momenta (here p2 =
(p1 + p2)2 = (p1 + p3)2 = (p2 + p3)2):
Γ (4)
(
p2,ωi = 0, T
)
= g2B −
3g4
2
T
∑
n
∫
q
1
ω2n + q2 +m2
1
ω2n + (q+ p)2 +m2
.
(14)
(We do not need to worry about the potential logarithmic diver-
gence of the integral since this will drop out in the differentiation 
with respect to μ.) Recalling that g2(T , μ) = Γ (4)(p2sym = μ2, ωi =
0, T ), and that gB does not depend on μ, one gets
β
(
g2,μ,m, T
)
≡ μdg
2(T ,μ)
dμ
= 6g4T
∑
n
1∫
0
dx
∫
q
x(1− x)μ2
(ω2n + q2 +m2 + x(1− x)μ2)3
, (15)
where only the explicit μ dependence was involved in the differ-
entiation, i.e., we have ignored terms of order g6 or higher. By 
performing (for d = 3) the integrals over the Feynman parameter 
and the momentum, one can put the β-function in the form
β
(
g2,μ,m2, T
)= β0(g2)F (μ¯,m¯2), μ¯ ≡ μ
2π T
,
m¯2 ≡ m
2
(2π T )2
, (16)
where F (μ¯, m¯2) is the dimensionless function
J.-P. Blaizot, N. Wschebor / Physics Letters B 741 (2015) 310–315 313Fig. 1. (Color online.) The running coupling g2 obtained by integrating the β-function, as a function of t = ln(μ/Λ). The initial coupling, at the scale Λ/(2π T ) = 102, is g2 = 1
(left) and g2 = 12 (right). The dot-dashed line (green) is obtained by integrating the standard T = 0 β-function, Eq. (18). The dashed (blue) line is obtained by integrating 
the full β-function with a (ﬁxed) mass m¯ =m/(2π T ) = 10−3. The full line is obtained similarly for m¯ = 10−2. The scale μ¯ = 1 (μ = 2π T ) corresponds to t = −4.6, μ¯ = 10−3
to t = −11.5, and μ¯ = 10−3 to t = −9.2.F
(
μ¯,m¯2
)=∑
n
{
− 2
√
n2 + m¯2
μ¯2 + 4(n2 + m¯2)
+ 1
μ¯
Arccot
(
2
√
n2 + m¯2
μ¯2
)}
, (17)
and
β0
(
g2
)= 3g4
16π2
(18)
is the standard one-loop β-function for a scalar ﬁeld theory in 3 +
1 dimensions, in a mass independent scheme.
The sum over the Matsubara frequencies in the expression (17)
is dominated by values of n such that 
√
n2 + m¯2  μ¯. When μ 
2π T (μ¯  1), one expects to recover the known result for the zero 
temperature theory in 4 dimensions. This is indeed the case: In 
this regime, one can ignore the discrete nature of the sum over 
Matsubara frequencies, and replace the sum by an integral. The 
function F (μ¯, m¯2) becomes then a function of x ≡m2/μ2 only,
F0(x) = 1+ 2x√
1+ 4x log
(√
1+ 4x− 1√
1+ 4x+ 1
)
, x ≡ m
2
μ2
. (19)
When μ2  m2, F0(x) → 1, and β(g2, μ, m2, T ) → β0(g2). In the 
opposite regime where μ2 m2, the β function is suppressed,
β
(
g2, μ¯,m¯2
) β0(g2) μ2
6m2
. (20)
In this regime, the ﬂow eventually stops, the ﬂuctuations at a scale 
smaller than the mass playing essentially no role.
In the regime of high temperature, μ  2π T , one may restrict 
the sum over the Matsubara frequencies to the lowest one, i.e., to 
n = 0. The function in Eq. (17) becomes then
FT
(
μ¯,m¯2
)= 1
μ¯
(
− 2
√
x
1+ 4x + Arccot(2
√
x )
)
, x ≡ m
2
μ2
. (21)
When μ m, the β-function reduces to
β
(
g2, μ¯,m¯2
) β0(g2) π2T
μ
, (22)
and the beta function is enhanced as soon as μ  2π T . In fact, 
in this high temperature regime, the theory becomes essentially 
3-dimensional, with a dimensional coupling constant g2T . One 
can introduce (for μ  m) an effective dimensionless coupling 
γ = g2T /μ, whose ﬂow is easily obtained:μ∂μγ = −γ + 3γ
2
16π
f T (x), x = m
2
μ2
, (23)
with f T (x) ≡ 2μ¯ FT (μ¯, m¯2). The function f T (x) is a steeply de-
creasing function of x, starting at f T (0) = π , so that in the regime 
μ  m, one recovers the β-function (3) mentioned in Section 2. 
When μ m, the ﬂow of the coupling is suppressed. We have in-
deed, for μ m,
β
(
g2, μ¯,m¯2
) β0(g2) μ¯2
12m¯3
. (24)
All the features that we have discussed in this section are il-
lustrated in Fig. 1, for small (g2 = 1) and moderate (g2 = 12) 
coupling. The acceleration of the ﬂow as μ gets lower than 2π T
is clearly seen, as well as the saturation of the ﬂow when μ m. 
These features, generic of the present massive scheme, are remi-
niscent of those observed in the non-perturbative renormalization 
group approach (see e.g. [8,10]), and indeed, as we have already 
emphasized, the main properties of the present renormalization 
scheme are automatically included in such an approach. Note that 
the calculations presented in Fig. 1 are done with a ﬁxed value of 
the mass. In an actual calculation, the self-consistent thermal mass 
should be used, but that would not alter the general behavior il-
lustrated in Fig. 1.
5. Calculation of the pressure
We turn now to the calculation of the pressure, and we limit 
ourselves to the calculation of the leading order, 2-loop, perturba-
tive correction. We have
P (T ) = − T
2
∑
n
∫
q
ln
(
ω2n + q2 +m2
)− g2
8
I
(
m2
)2
− 1
2
δm2 I(m) − δP , (25)
where δP is a counterterm that absorbs the overall divergence 
that remains when mass subdivergences (the next to last term) 
have been eliminated, and whose ﬁnite part is adjusted so that 
P (T = 0) = 0. In the foregoing calculation, the following expres-
sion is useful3
T
2
∑
n
ln
(
ω2n + ω2q
)= 1
2
ωq + T ln
(
1− e−ωq/T ). (26)
3 The summation over the Matsubara frequencies requires a regularization that 
eliminates an inﬁnite constant that does not depend on T or m. Such a regulariza-
tion is implied in writing Eq. (26).
314 J.-P. Blaizot, N. Wschebor / Physics Letters B 741 (2015) 310–315Fig. 2. (Color online.) The quantities m2/T 2 (left) and P/P0 (right) as a function of the (ﬁxed) coupling constant. The mass m is obtained as the solution of the gap 
equation (11), for m0 = 0 (red, squares). The pressure P (with P0 the non-interacting pressure) is obtained from Eq. (30) with m solution of the gap equation (red, squares). 
The black curves (circles) are the leading results of order g2, while the blue curves (triangles) includes the g3 correction. The green curves (diamond) display, for comparison, 
the results of the 2PI approximation, with the coupling constant g2 = g2(μ = 2π T ).Using this relation we rewrite Eq. (25) as
P (T ) = −1
2
∫
q
ωTq − T
∫
q
ln
(
1− e−ωTq /T )− g2
8
[
I(m)
]2
− 1
2
δm2 I(m) − δP , (27)
where ωTq =
√
q2 +m2. By using the expression (9) of the mass 
counterterm, one easily gets
P (T ) = −1
2
∫
k
ωTk − T
∫
q
ln
(
1− e−ωTq /T )+ g2
8
[
I
(
m2
)]2 − δP .
(28)
This expression is still divergent, but the divergence is a global di-
vergence present in the T = 0 contribution. Let us then calculate 
the zero temperature pressure, in leading order perturbation the-
ory. We obtain
P (T = 0) = −1
2
∫
q
ωTq −
g2
8
[
I0(m)
]2 − 1
2
δm2 I0(m) − δP ,
= −1
2
∫
q
ωTq +
g2
8
[
I0(m)
]2 + g2
4
IT (m)I0(m) − δP .
(29)
Subtracting this from P (T ) leaves us with the manifestly ﬁnite ex-
pression
P (T ) − P (T = 0) = −T
∫
q
ln
(
1− e−ωTq /T )+ g2
8
[
IT (m)
]2
. (30)
As was the case of Eq. (10), the expression (29) has the un-
usual feature of giving the zero temperature pressure in terms of 
temperature dependent quantities. However, it is easy to show that 
P (T = 0) is independent of the temperature, as it should. Indeed, 
note that
ωTq =
√
q2 +m2  ωT=0q +
m2 −m20
2ωT=0q
, ωT=0q =
√
q2 +m20.
(31)
Then by using Eq. (11) for m2 −m20, one gets, in leading order in 
g2,P (T = 0) = −1
2
∫
q
ωT=0q +
g2
8
[
I0(m0)
]2 − δP , (32)
which is independent of the temperature. Note that in arriving at 
this result, the self-consistent relation (11) for m has played an 
essential role. Eq. (32) can be used to ﬁx the counterterm δP (by 
requiring that P (T = 0) = 0).
As we have done for the mass, it is a simple exercise to show 
that the expression (30) for the pressure reproduces the ﬁrst terms, 
i.e. the g2 and g3 contributions of the standard weak coupling ex-
pansion [7]
P (T ) − P (T = 0) ≈ π
2T 4
90
− mˆ
2
48
T 2 + mˆ
3T
12π
, mˆ2 = g
2
24
T 2. (33)
The large differences between successive orders that was observed 
for the mass is also visible for the pressure. However, as illustrated 
in Fig. 2, the full result is much more stable as the coupling in-
creases. Note that the curves in Fig. 2 correspond to calculations at 
ﬁxed values of the coupling constant.
The curves in Fig. 2 contain a comparison with the results of 
the 2PI approximation, which, at 2-loop order yields for the pres-
sure [7]
P = −T
∫
q
ln
(
1− e−ωTq /T )+ m2
4
IT + m
4
128π2
, (34)
with m solution of the gap equation
m2 = g
2
2
IT + g
2m2
32π2
(
ln
m2
μ2
− 1
)
. (35)
The latter expression is obtained by using dimensional regulariza-
tion and minimal subtraction [7], and g = g(μ) is the running 
coupling. The natural choice of scale in this scheme is μ = 2π T , 
and this is the value of the ﬁxed coupling that is used in draw-
ing the curves in Fig. 2.4 The results of the 2PI approximation are 
quite similar to those of the present scheme. We note again the 
stabilizing effect of the mass resummation, that is accounted for 
here by an equation quite similar to that of the massive scheme 
(cp. Eqs. (11) and (35)).
4 Note that at this level of approximation, the β-function is μ∂ g2/∂μ =
g4/(16π2), i.e., one third of the perturbative beta function (18). This is because 
only one channel out of three is taken into account at this level of the 2PI approx-
imations. With this particular value of the beta-function, the solution of the gap 
equation (35) is independent of μ.
J.-P. Blaizot, N. Wschebor / Physics Letters B 741 (2015) 310–315 315Fig. 3. (Color online.) The pressure P/P0 (with P0 = π2T 4/90 the free pressure) 
versus m2/T 2. The peculiar behavior of the (blue) curve representing the order g3
correction has its origin in the fact that the function m2(g2) has a maximum (see 
Fig. 2, left panel). The back bending occurs at this maximum, and the upper branch 
corresponds to values of the mass that are above the maximum, while the lower 
branch corresponds to the values below the maximum and matches therefore the 
leading order estimate at weak coupling.
The relations between m2, or P , and the coupling constant de-
pend of course on the renormalization scheme. To make a fair 
comparison between the two approximations, and eliminate most 
of this scheme dependence, we have plotted in Fig. 3 the pressure 
as a function of the thermal mass. Both quantities are determined 
as a function of the coupling as indicated earlier. However, the 2PI 
result is actually independent of the choice of the renormalization 
scale μ. As for the massive scheme, the running of the coupling 
determined in Section 4 is in perfect agreement with the standard 
perturbative expansion in the regime where both can be compared 
(that is, when μ m). The corresponding running has a two-loop 
effect on both the mass and the pressure, but this effect needs not 
be analyzed further here because performing the calculation with 
a running coupling would not affect the relation between P and m: 
indeed, since the scale μ does not explicitly appear in the calcula-
tion, all the dependence on μ is in the coupling constant. Since, in 
the massive scheme, the mapping between m and g is one-to-one, 
it can be used to express, in Eq. (30), g2 in terms of m2. It follows 
then that the relation between P and m2 is stable, independent of 
the choice of μ. Fig. 3 shows that the 2PI result is almost identi-
cal to that of the massive scheme, and both are quite distinct from 
that of standard perturbation theory.
6. Conclusions
We have shown that, by adopting a massive, temperature de-
pendent, renormalization scheme, one can greatly improve the ap-
parent convergence of perturbation theory at ﬁnite temperature. 
The thermal mass scheme presented in this letter yields a well 
behaved perturbative expansion in powers of g2. The familiar non-
analytic contributions (such as the contribution of order g3) are 
hidden in the dependence of the mass on the coupling constant 
(and would resurface if we were to expand in powers of m, which 
we do not need to do of course). Calculations in a massive scheme 
are more diﬃcult than, say, standard calculations for massless the-
ories using the MS scheme. But this is a small price to pay if 
accurate results are obtained with the ﬁrst few orders of pertur-bation theory. An additional complication of the massive scheme 
is that a self-consistent equation for the mass needs to be solved. 
Although it looks very similar to that of the 2PI scheme, this equa-
tion is in fact much simpler: it is an equation for the mass, instead 
of an equation for the fully self-consistent propagator.
For illustration purposes, we have presented a comparison with 
the 2PI approximation. But we should mention here that various 
methods to reorganize perturbation theory have been proposed 
over the years. Some bear strong similarity with what we pro-
pose here, as they emphasize the need to expand around a massive 
theory. Among those, we have already mentioned screened per-
turbation theory [6,12,13], where one expands with respect to an 
auxiliary mass whose value is eventually determined by various 
prescriptions. We should also mention numerous versions of op-
timized perturbation theory, where the variation of the auxiliary 
mass is parametrically correlated to that of the coupling constant 
(see for instance [14], and references therein). We believe that the 
present scheme is conceptually simpler since the determination of 
the mass is part of the renormalization scheme, rather than being 
ﬁxed by some external prescription. It may be also technically sim-
pler if only a few orders of the perturbative expansion are needed 
in order to achieve the desired accuracy. This can be checked ex-
plicitly by performing higher order calculations. Results of such 
calculations will be presented in forthcoming publications.
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